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Abstract
This research combines the Grey Systems Theory with the Fuzzy Logic in the process of selecting stocks into
the portfolio. Since many financial data often include uncertainties with incomplete data, the mentioned
approaches are quite useful for modelling such data. Based on the weekly data on 20 stocks on the Zagreb
Stock Exchange for the period 2 January - 30 April 2019, the rankings from the Grey Relational Analysis are
used to form membership functions within the Fuzzy Logic approach of making the final decision on investing.
The dynamic analysis provides insights into the simulated portfolio characteristics which are compared to
benchmark ones. The results of this study indicate that there exists potential in using the mentioned two
approaches combined to achieve investment goals.
Keywords: dynamic portfolio selection, Grey Incidence Analysis, fuzzy sets, portfolio evaluation, investment
simulation
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1. Introduction:
Although the portfolio selection problem is not new in the literature, new models, techniques and approaches
which try to answer specific investment questions are constantly being developed daily. This is due to some of
the shortfalls of existing approaches and methodologies, and due to ever-changing demands and preferences
of investors, market conditions, etc. The parametric approach of modelling within the portfolio management theory and practice is probably the most common approach in the literature. It includes, in the majority of cases,
time series econometrics, in which many models and methods impose assumptions that need to hold to use
such an approach on empirical data. Several attempts of categorization of different models and techniques within this area of research have been done over the past couple of decades: Granger (1989), Taylor and Allen
(1992), Ho et al. (2002), Wallis (2011). This was not an easy task to do, due to the fact that methodological
advances, as well as computational ones (hardware and software), occur almost every day.
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The area of portfolio selection includes many data, which is often incomplete, with many uncertainties. Thus,
methodologies that deal with such data are not something new today. The Grey Systems Theory (GST) was
developed just for such purposes when the decision-maker deals with many uncertainties within the process of
comparing and modelling any type of system. Initial contributions are found in Deng (1982, 1989), after which
this methodology spread out Asian literature in the majority of existing cases. Term “Grey”, as often mentioned
in the literature refers to grey data – uncertain data, on which we often have little true information, or the full
range is not available. A historical overview of GST can be found in Liu et al. (2016) for those interested. The
last couple of years have experienced a rise of interest in this theory, to apply it in many different aspects of the
economy. This is due to many uncertainties that are present in an economy, and especially in financial markets.
Some of the applications can be found in Škrinjarić and Šego (2019). On the other hand, the fuzzy set theory
(FST) has been developing since the 1960s (Zadeh 1965), as deterministic models often failed to model real
economic phenomenon. This is due to imperfect information, imprecise data and uncertainty. Thus, similar
problems as in GST are tackled within the FST. Some applications within the portfolio selection can be found
in Efranian et al. (2016) or Wang and Zhu (2002). Some of the advantages of fuzzy modelling within the portfolio selection include reduction of information loss which occurs in the traditional optimization model, linguistic
constraints can be included in modelling and the possibility of obtaining a set of solutions instead of one (Fard
and Ramezanzadeh, 2017). That is why some complementarities exist between the two approaches, the GST
and FST. It is not surprising that research which includes both approaches within financial applications is growing in the last couple of years (Huang, Jane and Chang, 2008; Huang and Jane, 2009; Ma, Luo and Jiang,
2017).
By observing the previous literature, there exists a gap due to existing research not combining the GST and
FST approach in which the stock rankings are built on. In particular, the final rankings based on the Grey
Relational Coefficients (GRC) from the GST approach in this research are then used to construct membership
functions within the FST approach. In that sense, the final decision on whether a stock will enter the portfolio
or not will be based on defuzzified values of each criterion used to compare the stocks. Moreover, the criteria
used in this research are based on the investor’s utility theory and the portfolio return distribution moments; in
particular, the first four moments due to their economic interpretation (see Athayde and Flores, 2004 or
Jurczenko and Maillet, 2005). In that way, this research focuses on using uncertain data and applying the two
approaches suitable for such data in order to obtain final crisp values which are comparable when making the
decision on portfolio construction and rebalancing over time. The first part of the empirical analysis uses data
on the first four moments of return distributions to calculate GRCs which are usually used to construct final values (Grey Relational Degree) which are usually compared and subsequently ranked. However, the second part
of the analysis within the fuzzy set theory uses the GRCs to construct membership functions which give information on the probability that a stock’s distribution moment belongs to a specific set or not. Based on the
Sugeno (1985) model of deffuzyfing the output values, final investment decisions are made and simulated for
a sample of 20 stocks on the Zagreb Stock Exchange. The procedure is repeated over a period of time to obtain
insights into the usefulness of this approach for a dynamic portfolio rebalancing.
The rest of the research is structured as follows. The second section gives an overview of related previous
research. The methodology is described in the third section, which includes description of GST and FST. The
fourth section describes the data used in the study, with investment strategies simulated and compared one to
another. The final section concludes the research.
2. Previous related research
The related literature with respect to methodologies used in this study and with respect to the area of applications is growing rapidly in the last couple of years. There are a lot of different models from the Grey Systems
Theory which are applied within many different financial concepts; which is true for the fuzzy modelling
approach as well. One group of papers utilizes models and approaches which are useful for comparison pur40 poses when making decisions on whether to invest or not into specific assets. Other group tries to forecast
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future values of return, price or other relevant time series. Geographically, many different country stock markets
have been analysed. When looking at the structure and the length of the research, many different approaches
exist. Some authors published very short studies with some basic research results. Others include comparisons
with different methodologies or simulate some behaviour of interest based on the estimation and/or calculation
results. Thus, it was found that many different approaches of modelling exist within the existing studies, making the Grey methodology very flexible to combine with others.
Grey models and approaches can be found in the following papers. Yongzhong and Hongjuan (2005) is a very
short study in which comparison is made between two Grey Model (GM) models for forecasting Shanghai
Composite Index. Based on 200 observations, authors predict the stock index value with the GM and Verhlust
GM model and compare the forecasts of one and several steps ahead by using average absolute percentage
error statistic. The results show that the GM model is better for shorter term forecasts. This is a simple and a
straightforward research, however, no portfolio strategies or other analysis were performed. Huang and Jane
(2009) combined the moving average autoregressive exogenous (ARX) model with Grey systems theory and
rough set (RS) theories in order to predict future prices on electronic stock data in the New Taiwan Economy
database. For the period from the first quarter of 2003 to the fourth quarter of 2006, authors simulated trading
based on the results of the mentioned methodologies. The ARX model was used to predict future price movements. Then, the Grey model was used to rank the stocks based on selected criteria (financial data) and the
RS theory was used to make investment decisions. This approach resulted in extraordinary returns. Hwang, Lin
and Chuang (2007) combined the DEA approach with the Grey situation decision model on the Taiwanese stock
market in the period 2001-2004. Using the data on financial ratios, the authors utilized an additive DEA model
to obtain efficiency scores based on different criteria. The scores were used within the Grey modelling part to
predict future movements of the values of financial variables of interest. A Nash nonlinear Grey Bernoulli model
was used in Doryab and Salehi (2017) to predict future prices on the Teheran Stock Exchange (period: 20052015). Authors have used several models of stock price prediction and compared the errors of prediction. The
mentioned model produced the lowest errors which authors interpreted as being superior to other observed
approaches. Škrinjarić and Šego (2019a) have utilized the Grey Incidence Analysis on a sample of 55 stocks
on the Zagreb Stock Exchange. Since the authors observed both the stock market and financial ratios data, the
analysis was made based on the fiscal year 2017. Thus, such analysis can be useful on a quarterly basis, since
the financial statements are available on those frequencies. Authors have shown how to utilize the results in
selecting the stocks based on investor’s goals with respect to many different criteria. The same authors
(Škrinjarić and Šego, 2019b) have utilized GM (1,1) and (2,1) models in order to compare their forecasting abilities to the usual econometric models (such as ARMA – autoregressive moving average) of stock price/return
modelling. Since GM models are useful for short time spans analysis, authors observed the period 2 January
– 12 June 2019. Out of sample forecasts and portfolio trading simulations have shown that the GM (1,1) model
was the best performing in terms of investor’s utility.
Another group of research focuses mostly on the fuzzy logic within the portfolio selection. Shipley (2009) suggested a proactive fuzzy set-based model in which decisions are based on finding the strength of each rule
within the Fuzz Controller, updating the set rules and recommending new actions as the system is continuously looping. Rubell and Jessy (2015) developed an expert system for daily stock price prediction so that trading
strategies could be simulated for the sample of 25 NASDAQ stocks in the period 2011-2015. Results of this
research were promising, as the simulated obtained profits were better compared to other existing approaches
which were compared to the one used in this study. Nakano, Takahashi and Takahashi (2017) were motivated
by the previous success of fuzzy logic (FL) applications within the technical and fundamental analysis. Authors
have combined state space models with FL on a sample of 8 stock market indices (Japanese, American,
emerging markets FTSE index, etc.), by using monthly data for the period April 2003 to March 2016. Razi
(2014) combined the Grey Relational Analysis (GRA) with Fuzzy Inference System (FIS) in order to select an
optimal portfolio of investments regarding environmental investment. Several steps were conducted within this
paper: firstly, the GRA was used to rank the potential projects based on different important criteria; secondly,
FIS was used to predict the risk of the portfolio based on the observed projects. Thirdly, since the projects were
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dependent on the environmental factors, these factors were included in the multiple criteria selection process,
and finally, based on the optimal Pareto solution, the best solution was chosen via optimization. Other possible
combinations of complementary methodologies can be found in Lajevardi and Razi (2014). The possibilities of
combining the methodologies are constantly growing. That is why the literature is rapidly expanding. However,
the mentioned approaches do not take into account the Grey methodology results as fuzzy numbers as they
will be observed in this research. Thus, we proceed to the calculations in order to obtain insights into the optimal portfolio structure based on the return distribution characteristics.
3. Methodology description
3.1. Grey Relational Analysis
The Grey Relational Analysis (GRA henceforward) is a methodology used within the area of grey numbers and
systems where uncertainty is present when the decision has to be made. The basic idea of GRA is as follows
(Liu and Lin 2006, 2010; Kuo et al. 2008). Decision-maker has to compare I alternatives by comparing their J
behavioural sequences, i ∈ {1, 2, ..., I}, j ∈ {1, 2, ..., J}. I alternatives in this study refer to stocks which investor
compares, and the J denotes the number of criteria the investor makes comparisons. The data can be summarized in a matrix in the following form:
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Table 1. Descriptive statistics for weekly return series

46

CEA Journal of Economics

47

USING GREY RELATIONAL ANALYSIS WITH FUZZY LOGIC IN PORTFOLIO SELECTION

48

CEA Journal of Economics

49

USING GREY RELATIONAL ANALYSIS WITH FUZZY LOGIC IN PORTFOLIO SELECTION

50

CEA Journal of Economics

51

USING GREY RELATIONAL ANALYSIS WITH FUZZY LOGIC IN PORTFOLIO SELECTION

52

CEA Journal of Economics
References:
1. Arditti, F. (1967) “Risk and the Required Return on Equity”, Journal of Finance, Vol. 22, No. 1, pp. 19–36.
doi.org/10.1111/j.1540-6261.1967.tb01651.x
2. Athayde, G., Flores, R. (2004) “Finding a Maximum Skewness Portfolio: A General Solution to Three-Moments
Portfolio Choice”, Journal of Economic Dynamics & Control, Vol. 28, No. 7, pp. 1335-1352. doi.org/10.1016/S01651889(02)00084-2
3. Cootner, P. (Ed.) (1964) “The Random Character of Stock Market Prices”, MIT Press.
4. Deng, J-L. (1982) “Control problems of Grey Systems”, Systems and Control Letters, Vol. 5, No. 5, pp. 288–94.
doi:10.1016/S0167-6911(82)80025-X.
5. Deng, J-L. (1989) “Introduction to Grey System Theory”, The Journal of Grey Systems, Vol. 1, No. 1, pp. 1–24.
6. Doryab, B., Salehi, M. (2017) “Modeling and forecasting abnormal stock returns using the nonlinear Grey Bernoulli
model”, Journal of Economics, Finance and Administrative Science, Vol. 23, No. 44, pp. 95-112.
7. Erfanian, H. R., Abdi, M. J., Kahrizi, S. (2016) “An application of fuzzy linear programming in portfolio optimization,”
MJ Journal on Financial Mathematics, Vol. 1, No. 1, pp. 1–10.
8. Fama, E. (1965) “The Behaviour of Stock-Market Prices”, Journal of Business, Vol. 38, No. 1., pp. 34–105.
9. Fard, O. S., Ramezanzadeh, M. (2017) “On Fuzzy Portfolio Selection Problems: A Parametric Representation
Approach”, Complexity, Vol. 2017, No. 12, pp. 1-12. https://doi.org/10.1155/2017/9317924
10. Graddy, D., Homaifar, G. (1988) “Equity Yields in Models Considering Higher Moments of the Return Distribution”,
Applied Economics, Vol. 20, No. 3., pp. 325–334. doi.org/10.1080/00036848800000046
11. Granger, C. J. (1989) “Combining forecasts – twenty years later”, Journal of Forecasting, Vol. 8, No. 1, pp. 167–173.
doi.org/10.1002/for.3980080303
12. Guidolin, M., Timmermann, A. (2005) “Economic Implications of Bull and Bear Regimes in UK Stock and Bond
Returns”, The Economic Journal, Vol. 115, No. 500, pp. 111–143. doi:10.1111/j.1468-0297.2004.00962.x
13. Ho, S., Xie, M., Goh, T. (2002) “A comparative study of neural network and box-jenkins ARIMA modeling in the time
series prediction”, Computers and Industrial Engineering, Vol. 42, No. 2, pp. 371-375. doi.org/10.1016/S03608352(02)00036-0
14. Huang, K. Y., Jane, C-J., Chang, T-C. (2008) “A RS Model for Stock Market Forecasting and Portfolio Selection Allied
with Weight Clustering and Grey System Theories”, 2008 IEEE Congress on Evolutionary Computation. IEEE World
Congress on Computational Intelligence, pp. 1240-1246. doi.org/10.1109/CEC.2008.4630955
15. Huang, K.Y., Jane, C.-J. (2009) “A hybrid model for stock market forecasting and portfolio selection based on ARX,
grey system and RS theories”, Expert Systems with Applications, Vol. 36, No. 3., pp. 5387–5392.
doi.org/10.1016/j.eswa.2008.06.103
16. Hwang, S. N., Lin, C. T., Chuang, W. C, (2007) “Formulating a novel stock selection model using DEA and Grey
Situation Decision Model”, Journal of Statistics and Management Science, Vol. 10, No. 1, pp. 103-127.
doi.org/10.1080/09720510.2007.10701242
17. Investing (2019) https://www.investing.com
18. Jondeau, E., Rockinger, M. (2003) “How Higher Moments Affect the Allocation of Assets”, Finance Letters, Vol. 1,
No. 2, pp. 1–5.
19. Jurczenko, E., Maillet, B. (2005) “The Four-moment Capital Asset Pricing Model: Between Asset Pricing and Asset
Allocation”. Springer-Verlag.
20. Kendall, M., Hill, B. (1953) “The Analysis of Economic Time-series – Part I: Prices”, Journal of the Royal Statistical
Society Series A, Vol. 116, No. 1, pp. 11–34. doi.org/10.2307/2980947
21. Lajevardi, M., Razi, F. F. (2014) “A Hybrid Portfolio Selection Model based on Grey Relational Analysis and Feature
Selection: Evidence on Listed Firms in Tehran Stock Exchange”, Journal of Applied Science and Agriculture, Vol. 9,
No. 6, pp. 2539-2545.
22. Liu, S., Lin, Y. (2006) “Grey Information Theory and Practical Applications”, New York: Springer.

53

USING GREY RELATIONAL ANALYSIS WITH FUZZY LOGIC IN PORTFOLIO SELECTION

23. Ma, W., Luo, X., Jiang, Y. (2017) “Multicriteria Decision Making with Cognitive Limitations: A DS/AHP-Based
Approach: MCDM With Cognitive Limitations”, International Journal of Intelligent Systems, Vol. 2017, No. 32, pp.
686–721. doi.org/10.1002/int.21872
24. Mandelbrot, B. (1963a) “The Variation of Certain Speculative Prices”, Journal of Business, Vol. 36, No. 4, pp. 394419.
25. Mandelbrot, B. (1963b) “New Methods in Statistical Economics”, Journal of Political Economy, Vol. 71, No. 5, pp.
421–440.
26. Markowitz, H. (1952) “Portfolio selection”, The Journal of Finance, Vol. 7, No. 1, pp. 77-91. doi.org/10.1111/j.15406261.1952.tb01525.x
27. Nakano, M., Takahashi, A., Takahashi, S. (2017) “Fuzzy logic-based portfolio selection with particle filtering and
anomaly detection”, Knowledge-Based Systems, Vol. 131, 113-124. doi.org/10.1016/j.knosys.2017.06.006
28. Razi, F. F. (2014) “A Hybrid Grey Relational Analysis and Nondominated Sorting Genetic Algorithm-II for Project
Portfolio Selection”, Hindawi Publishing Corporation Advances in Operations Research, Vol. 2014, Article ID
954219, pp. 1-8.
29. Rubell M. L. G., Jessy J. C. (2015) “A Multiple Fuzzy Inference Systems Framework for Daily Stock Trading with
Application to NASDAQ Stock Exchange”, Expert Systems With Applications, Vol. 44, pp. 13-21.
doi.org/10.1016/j.eswa.2015.08.045
30. Shipley, M. F. (2009) “Portfolio Management: A Fuzzy Set Based Approach to Monitoring Size to Maximize Return
and Minimize Risk”, World Academy of Science, Engineering and Technology International Journal of Computer and
Information Engineering, Vol. 3, No. 4, pp. 1000-1007.
31. Škrinjarić, T., Šego, B. (2019a) “Using Grey Incidence Analysis Approach in Portfolio Selection”, International
Journal of Financial Studies, Vol. 7, No. 1, pp. 1-16. doi.org/10.3390/ijfs7010001
32. Škrinjarić, T., Šego, B. (2019b) “Grey Systems Modeling as a Tool for Stock Price Prediction”, Proceedings of the
The 15th International Symposium on Operational Research / Zadnik-Stirn, L., Kljajić-Borštnar, M., Žerovnik, J.,
Drobne, S., Povh, J. (Ed.), Bled, 2019, pp. 429-434.
33. Taylor, M., Allen, H. (1992) “The use of technical analysis in the foreign exchange market”, Journal of International
Money and Finance, Vol. 11, No. 3, pp. 304-314. doi.org/10.1016/0261-5606(92)90048-3
34. Wallis. K. F. (2011) “Combining forecasts – forty years later”, Applied Financial Economics, Vol. 21, No.1-2, pp. 3341. doi.org/10.1080/09603107.2011.523179
35. Wang, S., Zhu, S. (2002) “On fuzzy portfolio selection problems. Fuzzy Optimization and Decision Making”, A
Journal of Modeling and Computation Under Uncertainty, Vol. 1, No. 4, pp. 361–377.
doi.org/10.1023/A:1020907229361
36. Yongzhong, C., Hongjuan, L. (2005) “A Comparison of Two Grey Models in Predicting Stock Index”, Journal of Grey
System, Vol. 17, No. 1, pp. 73-76.
37. Zadeh, L. A. (1965) “Fuzzy Sets”, Information and Control, Vol. 8, No. 3, pp. 338– 353. doi.org/10.1016/S00199958(65)90241-X
38. Zagreb Stock Exchange (2019) https://www.zse.hr

54

CEA Journal of Economics
Approach: MCDM With Cognitive Limitations”, International Journal of Intelligent Systems, Vol. 2017, No. 32, pp.
686–721. doi.org/10.1002/int.21872
24. Mandelbrot, B. (1963a) “The Variation of Certain Speculative Prices”, Journal of Business, Vol. 36, No. 4, pp. 394419.
25. Mandelbrot, B. (1963b) “New Methods in Statistical Economics”, Journal of Political Economy, Vol. 71, No. 5, pp.
421–440.
26. Markowitz, H. (1952) “Portfolio selection”, The Journal of Finance, Vol. 7, No. 1, pp. 77-91. doi.org/10.1111/j.15406261.1952.tb01525.x
27. Nakano, M., Takahashi, A., Takahashi, S. (2017) “Fuzzy logic-based portfolio selection with particle filtering and
anomaly detection”, Knowledge-Based Systems, Vol. 131, 113-124. doi.org/10.1016/j.knosys.2017.06.006
28. Razi, F. F. (2014) “A Hybrid Grey Relational Analysis and Nondominated Sorting Genetic Algorithm-II for Project
Portfolio Selection”, Hindawi Publishing Corporation Advances in Operations Research, Vol. 2014, Article ID
954219, pp. 1-8.
29. Rubell M. L. G., Jessy J. C. (2015) “A Multiple Fuzzy Inference Systems Framework for Daily Stock Trading with
Application to NASDAQ Stock Exchange”, Expert Systems With Applications, Vol. 44, pp. 13-21.
doi.org/10.1016/j.eswa.2015.08.045
30. Shipley, M. F. (2009) “Portfolio Management: A Fuzzy Set Based Approach to Monitoring Size to Maximize Return
and Minimize Risk”, World Academy of Science, Engineering and Technology International Journal of Computer and
Information Engineering, Vol. 3, No. 4, pp. 1000-1007.
31. Škrinjarić, T., Šego, B. (2019a) “Using Grey Incidence Analysis Approach in Portfolio Selection”, International
Journal of Financial Studies, Vol. 7, No. 1, pp. 1-16. doi.org/10.3390/ijfs7010001
32. Škrinjarić, T., Šego, B. (2019b) “Grey Systems Modeling as a Tool for Stock Price Prediction”, Proceedings of the
The 15th International Symposium on Operational Research / Zadnik-Stirn, L., Kljajić-Borštnar, M., Žerovnik, J.,
Drobne, S., Povh, J. (Ed.), Bled, 2019, pp. 429-434.
33. Taylor, M., Allen, H. (1992) “The use of technical analysis in the foreign exchange market”, Journal of International
Money and Finance, Vol. 11, No. 3, pp. 304-314. doi.org/10.1016/0261-5606(92)90048-3
34. Wallis. K. F. (2011) “Combining forecasts – forty years later”, Applied Financial Economics, Vol. 21, No.1-2, pp. 3341. doi.org/10.1080/09603107.2011.523179
35. Wang, S., Zhu, S. (2002) “On fuzzy portfolio selection problems. Fuzzy Optimization and Decision Making”, A
Journal of Modeling and Computation Under Uncertainty, Vol. 1, No. 4, pp. 361–377.
doi.org/10.1023/A:1020907229361
36. Yongzhong, C., Hongjuan, L. (2005) “A Comparison of Two Grey Models in Predicting Stock Index”, Journal of Grey
System, Vol. 17, No. 1, pp. 73-76.
37. Zadeh, L. A. (1965) “Fuzzy Sets”, Information and Control, Vol. 8, No. 3, pp. 338– 353. doi.org/10.1016/S00199958(65)90241-X
38. Zagreb Stock Exchange (2019) https://www.zse.hr

55

USING GREY RELATIONAL ANALYSIS WITH FUZZY LOGIC IN PORTFOLIO SELECTION

56

